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Abstract

A lot of materialhasbeen written about wavelet theory. Most of these texts provide an elegant framework
from the functional and real analysis powmitview The complete infinite dimension&l’ space (the set

of all functions suctthatf ||f]|P < +c0) is generallyused to devep the theory, but this cannot be
directly appliedto computer softwarebecause the concept of a non denumerable infinite setctdrsor
functions is practically useless here We provide foundations forfaite, linearalgebra based toolkit of
wavelets that supplg rich set of tools that can be used rtanageimageprocessing, equalization and
compression We test a frequency criterion to desigsrthonormal wavelet generators and a
multirresolution analyis. We show that thisriterion can be easily interpreted graphicallpespite oir
approach onlyconstructsorthonormalwavelet bas; we believe that thiapproachis generalenough to
explore possibilities in other computer graphic fields awdution of integerdifferential equationson
simple domainsWe strongly believahat this approach simplifies considerably thaveletanalysis. The
frequencycriterion expands possibilities of testing two dimensional wavelet bases according to specific
graphical needsandcan be appliedo different problems thahvolveregular grid reduction. We propose
this criterion as a fundamentdasisto designbidimensionabrtonormalwaveles for matrix equalization

It gives a wider range of possibilities thasstricting only to some well known basand gives alirect
interpretationfor computer images

Keywords: linearagebra,digital signal processing, wavelets, Fourier analysithonormalbasis finite
element method, radiosity, image compression
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1. Introduction

A complete and consistent wavelet theory can be developeddiomar algebra point of view. This
approach is characterized for being simpler and more directly applicable to problems such as image
compression or realisttomputerendemg. For instance, the Frazier Linear Algebra apprdagttan be
considered a more adequate approach from the practical point of view, being more applicable in real finite
problemsUsing the same functional notaties[1], we have that!?(Zy) = [(Zy) for anyp > 0, which is

not true in infinite dimensional spaces. The notali@f)) (as used by2]) for a Ndimensional vector

space on the field of compleximbers is convenient to define the very important operator of convolution.

All translations of théndicating function(5,(n) = 0 if k # n andé§, (k) = 1) constitute a basis fd(Zy).
In this contexta wavelet analysistartsfrom anorthonormabasis in a finite dimensional vector space over
the field of complex or real numbers. A vector of this space is calééghal and when it is exgnded in
terms ofa certainbasis;some of its coefficients came small enough to be droppedthout affecing the
global behavior bthe vector. This is the fundamental concafptompressiorandimageequalizationThe
way of selecting coefficients can be done with digital filters in a method aalldiitresolution analysis
We will show that there iBo need to implememxpensivesorting algorithms to make an adequate choice.

This ability to summarizea large amount of data with only a few coefficients is a powerful and useful
characteristic of wavelet basis. It makes this concept suitable foeinwgpression and processing,tas
will be shown later. This sampling optimization makes wavelets ideal tool to be used in computer
graphics, especially in heavy sampling algoritteushasRay Tracingor Radiosity[3].

This paper should give a wider vision of what can be done with wavelets, considering them as only
orthonormal bases in a finite dimensional vector spaAcgood approacho computer graphicshould
consider a finite element method technique combined with finite dimensional wavelet concepts to solve
heavy integral equationsased orradiosity. Using a more flexible and intuitive way to create basis can
help software to accommodate to different graphieeds. Our ideal filter basis provides a simpler way to
define basis in the frequency domain, atgbit gets the most relevant characteristics of a two dimensional
array giving pleasant results. Most of calculations in the spatial domain aretleftstitware and inverse
Fourier transform.

In Section 2 we introduce Fourier transform and frequency domain concepts from a finite dimensional
vector space view point, givirgsa framework to introduce lsidimensional criterion for wavelet design in
Section 3. InSection 4 we give & overviewof multirresolutionanalysisand subbandodingin a finite

signal context and we describe how such analysis can be apptietihtensional image processing.

In Section 5 we describe some simple wavelet basgated from very simple geometrical concepts in the
frequency domainwe apply these tool® image processing and show that this approach provides a more
general environment to design a wavelet toolkit in software, because there are no limits forets wav
bases that can be design&tis is the essence of image equalization.

In Section6, we show that lazy implementation of several convolution operators is enough to produce
pleasant and good enough results for two dimensional compresEoatazy implementation ofvavelet
design criteria in the frequency domain @dso produce new orthonormal wavelet bases which can give
excellent compression rates, better thamtbstp o pul ar Haar 6s basi s.

In section 7 we give an overview of how to combine this discrete wavelet analysis with a finite element
method technique to solve the radiosity equations and finally, in section 8, we provide some conclusions.



2. Convolutions and frequency domain

One of the most useful operators in digital signal processingrigolution It has been proven that this
operator can represent physical light phenomena such as refl@gtionlocal diffuse shadinfp].

Sincewe are dealing with finite dimensional signassircular convolutionis definedas a binary operator
* whichtransforms two vectors, v € [(Zy) into a third vecton = v € [(Zy) by the rul€[6]:

N-1

u*xv(n) = Z u(k)v(n — k)

k=0

2mmn
A Fourier basis, defined by tltemponent wise actorsF,, (n) = %el v vn,me{0,..,N—1}, isaset

of eigenvectors of any convolution operaigfu) = u * v thattherefore diagonalizes it. A vector of all
eigenvaluegA,, ..., Ay_,) of L, is called a Fourier transform of and is denoted byb. These bases can
be easily extended to multidimensional arrays, usengorial productg7]. A P dimensional convolution
is described by the relation:

Ni-1 Np-1
w*v(ny ..np) = Z . Z wn, —ky...np — kp)v(ky ... kp)
k1=0 kp=0

Wherew, v € [T [(Zy,) . A P-dimensional Fouriebasisis given by

1 2T My 2TNpMmp

- J J
Fm1,..,mp(n1: e Mp) = me Ny . ...e” Np

Fourier bases have a strong physical meaniog: frequencies (corresponding to valuesitfi) with n

near Q) are associatedith smooth transitionand high frequencies are associated with abrupt transitions.
In a Rdimensional environment, there can be frequency combinations of low and high frequencies in
different dimensional projectionsin P-dimensional environments, signal equalization becoaeisher
concept, where this frequency interpretation satisfies different user intefestavelet basis can be
designed in this contex¥Ve haveavoidedthe use of integrals for defining Fourier transforms and general
convolutions. This finite sums cantt is enough to achiewesefulresults inComputerGraphicsasit will

be shown later

Fourier transforms can also be defined as s[@h®ut we have focused otheir fundamentalpropety.
They diagonalizeany convolution operator Fourier basishas thisnice characteristioon the finite
dimensional domainOtherorthonormabasis can be built using softer characterizations.

3. Bidimensional wavelets forimage compression

A wavelet basis in the bidimensional spabgZy, X Zy,) is generated by 4 vecto(s;);-;,34 Whose
translations u;(n, — 2k, n, — 2k,) are a basis for the entire original vector spg@jeCreating such a
basis carbe facilitated by the next characterization in the frequency donmaimhich we extend-razier
results[1] to the bidimensionatase:



Theorem1:

The set of all translations of vectof8;);=1,34 € l(Zy, X Zy,) is anorthonormalset ofN;N, vectors if
and only if the matrix:
Uy (n4,13)

— Nl
o (nl + —,nz)

2
. N, m=1,234
Uy (Tll, n, + 7)

1
€] Atm) (ny,ny) = 2

_ Ny N,
Uy (ng + 7,712 + >

Isunitary (its columns are a set ofthonormalvectors)for each(n,,n,) € Zy, X Zy,.

A direct proof of this theorem requires some calculations which we do not providét leare be found in

[8][9]. This theorem is applicable only whéh and N, are even numbers. It permits to design an entire
wavelet basis in the frequency domain (a filter) by just constructing a matrix whose column vectors are
orthonormal The reason why we need 4 vectors to creatartfonormalbasis is that this is the minimum
guantity of vectors necessary to achieve certain frequency locali8fioriThe relation between spatial

and frequency localization will always be limited by Heisenberg uncertaiirigiple [10].

4. Bidimensional subband coding and multirresolution analysis

We define a downsampling operatas a functionD:[(Zy, X Zy,) = U(Zy,;, X Zy,;>) sSuch that
D(z)(kq,k,) = z(2k,, 2k,). Thus, adownsampling operator takes only even components of a vector.
Similarly, an upsampling operatorU: WZy,,, X Ln,/2) = U(Zy, X Ly,) enlarges a vector by inserting
zeros between its componeritsl]. Let us define for anyz € [(Zy, X Zy,) the vectorZ(n;,n,) =

z(N; —ny, N; — np).

With this notation, we have the reconstruction equation for a filter bank with 4 branches, using a wavelet
basis (u;) =123,

4

) Z=Zup*U(D(Z*1Tp))

p=1

A wavelet basis generatd@t,;);-;.34 Can be defined in eatﬁubspacel(ZNl/zk_l X Ly, jpk-1).  We

define, new vectors (fi 4)q=123 and g, inductively asg, = gx—; * Uk*(u,,) and frg = -1 *
U"‘l(uqu) vq =123, being g, =u;,. These vectors are generated from smaller versions of
themselves. All 2* translations ofj, generate subspaceV,. We say

V, = gen{g € l(ZN1 X ZN2)59(711:”2) = gr(ng — 2kk1: n; — Zkkz) V(kpkz)
€ ZN1/2k X ZNZ/Zk}

We haveV,,, c V, c l[(Zy, X Zy,). This set of subspaces is callednaltirresolution analysis If we
define:



Wiq = gen{f € (Zy, X Zy,): f(ny,13) = fiq(ny — 2¥ky,my — 28ky) V(ky, k)
€ ZNl/Zk X ZNZ/Zk}

Then wehave V, =® 3=1Wk+1,q ® V.41 This gives us a representation akignal in different level of
detail, according to a perfect reconstructiddimensionakquation:

p 3
3) zZ= ka,s*UkODk(Z*f,:s)+gp*Up0Dp(Z*g“p)
k=0s=1

Applying equation(3), we have an iterative filter bank which first decomposes (downsamples) the signal,
reducingfour times the dimension of the original vector space. It can always be reconstructed with a
convolution and anpsamplingoperator, none of which depesah the original signal.

Let us analyze equatio(B) according to the subspace representation given above. The convolution
gp *UP o DP(z = gp,) is nothing but a projection of vectoz on space Vj, for it represents a linear
combination of 2P translations of vectorg,. Adding vectorsf, s * UP o DP(z * f, ) Vs = 1,2,3 (linear
combinations obrthonormalbases forW, ;) we get a vectorg,_, * UP~! o DP~'(z * g,,=;) which is the
projection of z on subspace V,_;. Iterating this process, we get a decreasing sequence of subspaces at
end of which the complete spag= [(Zy, X Zy,) is obtained. This is the representation of a signal at
different levels of detailProjectionson the space®/, , are calleddetail branchesand presumably they
canbe suppressed without affectisggnificantly theglobal behavior of the signalThis is a conceptual

issue that should not be related to the size of the coefficients but the kind of details we consider
unnecessatyThe heaviest parts of these calculations are convolufldnisis the reasome prefer to use a
wavelet basis that dérs of 0 in only in a few entries (a finite interpretation of compact support).

In figure 1, weshow a basic diagram for a two dimensional finite resolution analysisn arrows are
downsampling operators and up arrows apsamplingoperators. Coloboxes represent convolutions.

Blue boxes are internal convolutions for the downsampling and orange boxes represent convolutions to
recover adowrsampled signal. Only one of the four branches should be selected to project on the
increasing sequence of vecsubspaces of the multirresolution analysis.

Downsampling Upsampling

i
]

V2

Figure 1. Bidimensional Finit®lultirr esolution Analysis.



5. Some frequency filters for wavelet basis

We cancreatea simple wavelet basisy defining abidimensional matrix whose entries are ih some
octantsof the bidimensional array and 0O everywhere elsehe four generators of a wavelet basis are
defined as complements of this simple arrayigures3,4 and 5 give the results of this wavelet basis
applied to an imagéts Fourier transform is defined trivialgccording tahe following equations:

. N, N,
2 lfOSnlsz—l and OSnZST—l

. N, 3N,
2 if OSnlsz—l and T—lanSNz—l

4 , =9 N N
@ g 2if Zr-1<m<N-land 0<m < -1

h Nl 3N2
2 lf T—lSnlSNl—landT—lﬁnZSNz—l

L 0 in any other case

All other wavelet generators adefined as translations of this simple configuratidhthe end the entire
finite dimensionabox is coverd as shown ifrigure 3.

05

Figure3. A frequency filter for a wavelet basis and the norm of its inverse Fourier transform
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This basis should not be interpreted to have compact support in an infinite dimensionalBytaites is

not an issue in finite dimensional vector spaces as Figushows This filter takes all possible
combinations of Low, HighLow, High-High frequemriesand therefore considers smooth variations along
the image and also borders of the objeatsshown in figur8, right

This equalizing multirresolutivéasis provides aepreserdtion that constitutes\gery accuratsummaryof

the original signa(Figure4). This is a projection of the original signal on the sp#lgeOnly 1.5% of total
complex coefficients are used to get thisverse Fourier transform of these generators are obtained via
software (Fast Fourier Transform) and we are not igtecein defining this wavelet in spatial domain. To
get an idea of how simple is to create a wavelet basis usifithdweml of section 3, we compare these
results with the well known Haardéds basi s.

Haar basis is one of the most widely used in commreghicsbecause its simplicitjl2]. It is considesd

one of the best basdo introduce the topifl3]. But according to Heisenberg uncertainty principle, its
small spatial localization wilproduce a smooth signal in frequency domain and compression will be
sparse. Figure 5 shows the Haar wavelet basis and its Fourier transform. It takes a sample of all frequency
components in the signal. This two dimensional Haar basis is defined as datepsiduct of one
dimensional Haar basis:

1 1
(5) (W1)= (5500)

w» 1 -1
(2o
So, uy(ny,ny) =wi(npwi(ny) U (ny,mp) = wo(ndw,(ny),  uz(ng,ny) = wy(nyw,(n,) and

us(nq, ny) = wy(ny)w;(n,). A more traditional apmrach of lowpass and higipass can also produce
interesting results as shown in Figure 7.

Figure4. Multirresolution compression, 1.5% of coefficients
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Figure?. Left figure show lowpass filter with 1.5% of coefficients. Right figure shows Hglss filter

with 75% of coefficients.



6. A lazy wavelet implementation

The essence of wavelet analysis for cotapgraphics is the ability to manipulate the level of detail of a
signaland use it in different levels. Here we have used an easy and intuitive method to create baselets

on their frequency behavior. This leads to a multirresolutive image equalidetis a &zy applicationWe

ibl i ndl thedperieqt petonstruction equatiohis means that we are not concerned, during the
compression procesajth the magnitude of coefficients in the wavelet basis expamsiany other trick to

choose thévest basis elements. The effectiveness of the method depends on a fast implementation of the
convolution operator. A fast wavelet transform is based on the quantity of elementsviectoe array of

the basis that are different of[00] . Another approach should use Fast Fourier Transform to calculate
convolutiong14].

A two dimensional equalization can be usedan image to obtaieven more effects, and several wavelet
bases can be commgd in different levels of the multirresolution analysis as shown in figur&hese

images combine a global approximation in low frequencies and then add some details coefficients to get
borders.

Figure8. Different wavelet bases at differdavels of multirresolution. Right figure shows a combination
of low-pass higkpass filters and left figure shows a combination of Haar and a band pass filter

Theorem(1) should be seen as adgign criterion Despite we are restricting to orthonormal wavéasis,
leaving off a considerable range of possibilitid® concept of creating it frofiour brancheshould give
us enough freedom and abstractimncombineseveral basis through a multirresolution analgsid adapt
them to a particular applicatiofthis theorem could be a basic criterion for orthonormal wavelet design.
With this approach it is easier to adapt the theory to algorithmic needs using applied Linear Algebra.

Using elementary operations (suab finite dimensional projections, dot products, change of bésis)
also easy to readapt the theory to other branches of numerical analysis, such as finite element method. This
will be studied in the next section.

7.  Other applications: Wavelet finite element methodor radiosity

In modelingrealistic phenomenanany complicated differential and integral equations emeide best
way to discretize such kindf problems isto suppose that thapproximatesolution of theinteger
differential equationu is a linear combinatioof basicfunctionsv,. That is:

(6) u= Z vy

k



